
Complex Analysis Homework 6

Problem 1: (Type 1 problem) Prove that all entire functions that are also injective take
the form f(z) = az + b with a, b ∈ C, and a ̸= 0. [Hint: Apply the Casorati-Weierstrass
Theorem to f(1/z).]

Problem 2: The function cos(1/z) has an essential singularity at 0. Verify the truth of
the Great Picard Theorem directly for this function.

Problem 3: Show that for n ≥ 1,∫ ∞

−∞

dx

(1 + x2)n+1
=

1 · 3 · 5 . . . (2n− 1)

2 · 4 · 6 . . . (2n)
· π.

Problem 4: Show that ∫ 1

0
log(sin(πx)) dx = − log(2).

Hint: Use the contour below
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Problem 5: (Type 1 problem) Suppose that f has a pole of at z0 of order ≤ N . The
function (z − z0)

Nf(z) has a removable singularity at z0. Prove that

Res(f, z0) =

(
d
dz

)N−1
[(z − z0)

Nf(z)]

(N − 1)!
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